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ABSTRACT 

A two-compartment model of an enzyme system with substrate 
inhibition kinetics and hydrogen ion production is investigated. The 
model is used to study the bifurcation, instability, and chaotic behavior 
of the system. The investigation, although in a restricted region of the 
parameters' space, has uncovered a good part of the rich dynamic 
characteristics of this system, including: period doubling sequences 
leading to chaos, banded chaos, fully developed chaos, interior crisis, 
tangent bifurcation leading to intermittency, periodic windows inter- 
rupting chaotic regions, and alternating periodic chaotic sequences. 
The results relate to the phenomena occurring in physiological experi- 
ments, such as the periodic stimulation of neural cells and the voltage- 
gated ion channel dynamics. 
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Abbreviations: Am, active membrane area m2; Bh, Vm, Vm E V1/ 
(Kh'q) (dimensionless); Bs, Vm E VJ(Ks'q) (dimensionless); f, refer to 
feed conditions; H, hydrogen ions; h, dimensionless concentration of 
hydrogen ions; Ks, Ki, Kh, K'h, constants characteristic the enzyme; 
Kw, equilibrium constant of water (Kmol2/m6); OH, hydroxyl ions; q, 
volumetric flow rate (m3/s); Pv choline [HO(CH2)N+(CH3)3]; P2-, 
acetate (CH3COO-); R, rate of reaction Kmol/m 3 s; Rw, rate of water 
formation Kmol/m 3 s; r, dimensionless rate of reaction; S, substrate; s, 
dimensionless substrate concentration; T, t.q/V1 dimensionless time; 
Vm, maximum reaction rate (Kmol/Kmol's); V~, V2, volume of com- 
partments (1) and (2); o~ 'H, membrane permeability for hydrogen ions 
(m/s); o~H, dimensionless membrane permeability for hydrogen ions 
[o~'oHAm/q]; O~'s, membrane permeability for substrate (m/s); C~s, 
dimensionless permeability for substrate (~'s Am/q); o~'on, membrane 
permeability for hydroxyl ions (m/s); o~oH, dimensionless permeability 
for hydroxyl ions [c~'oH Am/q]; o~i, dimensionless substrate inhibition 
constant [Ks/Ki]; 6, Kh/K'h; y, K~dKh2. 

INTRODUCTION 

Achieving a theoretical understanding of nerve excitation is a central 
problem of theoretical biophysics (1-8). With the accumulating knowledge 
regarding enzyme kinetics, it is reasonable to expect that a theory 
explaining electrical behavior in some of the enzyme systems might be ex- 
tended to apply to natural excitable membranes (7,9). 

The enzyme system under consideration in the present study is in- 
hibited by substrate and is affected by the production of the hydrogen 
ions accompanying the reaction. An example of such enzyme is the ace- 
tylcholinesterase, which produces choline and acetic acid (which is fully 
ionized to acetate ions and H § ) from acetylcholine substrate. This enzyme 
plays a recognized role in nerve excitation (10). Acetylcholine is secreted 
by neurons in many areas of the brain, but specifically by the large pyra- 
midal cells of the motor cortex, and by many different neurons that inner- 
vate the skeletal muscles. A significant portion of this enzyme is found in 
intercellular compartments (11). In most cases, acetylcholine has excita- 
tory effects (10). 

In enzyme membrane systems, the local production of hydrogen ions 
decreases the pH, and owing to the amphoteric properties of the protein- 
aceous membrane, the lower the pH, the lower the density of the negative 
fixed charges in the membrane (12). Local pH changes inside an artificial 
enzyme membrane were first shown by Goldman et al. (13). The potential 
differences resulting from acetylcholine when injected on one side of an 
artificial acetylcholinesterase membrane exhibit a similar electrical response 
to the behavior observed with excitable membranes (9). The steady-state 
potential resulting from the enzyme activity for increasing and decreasing 
substrate concentrations exhibits a hysteresis behavior. Because of the 
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autocatalytic effect resulting from the production of hydrogen ions and 
the existence of diffusional resistances, hysteresis phenomenon develops 
in a definite range of parameters. Because of the amphoretic properties of 
the membrane, the hysteresis of the internal pH is transformed into a 
hysteresis in membrane potential (9). In addition, the nonmonotonic 
behavior of the enzyme reaction rate coupled with the diffusion constraints 
causes instabilities and oscillatory behavior in membrane potential and in 
acetylcholine concentration level. 

The two-compartment model used in this investigation is represented 
by four coupled differential equations, and therefore, chaotic behavior of 
the system is possible since it is known that chaotic behavior is only pos- 
sible with systems having dimensions higher than two. 

The phenomenological model used in this study differs greatly from 
other membrane excitation models, such as the Rose-Hindmarsh model 
of action potential (14,15), which is a modification of the Fitzhugh model 
(16). This later model was developed in order to simulate the repetitive, 
patterned, and irregular activity seen in molluscan neurons. The work of 
Holden and Fan (17-20) on the dynamic behavior of membrane excitation 
using this three-variable model of action potential shows clearly the exist- 
ence of different dynamic modes, including simple periodic, bursting peri- 
odic, and chaotic behavior. A wealth of transition mechanisms between 
different types of behavior have been discovered by Holden and Fan (17- 
20). These mechanisms include period doubling, boundary crises, period 
adding, saddle-node tangent bifurcation, and saddle-node nontangent 
bifurication. It is interesting to notice that many of the dynamic phenom- 
ena discovered by Holden and Fan (17-20) using the three-dimensional 
nonphenomenological action potential Rose-Hindmarsh model are also 
obtained using the present phenomenological two-compartment model 
with membrane separating the two compartments. 

The understanding of excitable membrane behavior is strongly related 
to the advances in the mathematical theory of bifurcation, as well as the 
advances in chemical and biochemical engineering research in this field. 
Bifurcation and instability have attracted great attention in the last 20 
years, and excellent reviews for the bifurcation of chemically reactive sys- 
tems have been published (21,22). With the discovery of chaotic behavior 
in the dynamics of different physical systems, research in the field of 
dynamic bifurcation of chemically reactive systems has taken a great leap 
forward. Complex dynamic behavior, including chaotic behavior of vari- 
ous reactive systems, has been investigated by many researchers in dif- 
ferent fields of physical sciences (23-36). 

In life sciences, the hopes of ecologists for many years concentrated 
on trying to explain the population dynamics of plants and animals in 
terms of simple and stable interactions among species. In the mid-1970s, 
it was discovered that even simple interactions may result in chaotic pop- 
ulation dynamics (37). Furthermore, Hassell and coworkers (38) have 
shown that interactions among species may lead not only to dynamic 
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The two-compartment model. 

chaotic behavior, but also to chaotic patterns in space where population 
booms and busts occur in seemingly random patterns (39-44). 

Despite the extensive research carried out to study the complex dynam- 
ics of chemical, biochemical, biological, and medical reactive systems (45-47) 
and the extensive efforts expended to generalize some of the results, it 
seems that only a part of the tip of the iceberg has been uncovered so far. 
The present article is an additional modest contribution to these efforts. 
In the present article, a simple two compartment model is used to investi- 
gate the complex behavior of an enzyme system inhibited by substrate 
and affected by the production of hydrogen ions (i.e., acetylcholinesterase) 
when the enzyme exists free in solution in each compartment. The pro- 
blem had been tackled in much simpler form by E1-Nashaie and coworkers 
(42,48,49) almost ten years ago when only static bifurcation has been 
investigated. In light of the relatively recent advances in fundamental 
knowledge and techniques regarding such dynamical systems, the pro- 
blem is revisited on a higher level of model formulation and analysis of 
the results, and a wealth of new dynamic features are discovered that 
make the results of the earlier investigation no more than a scratch on the 
surface of the problem. 

MATHEMATICAL FORMULATION OF THE PROBLEM 

The problem investigated is that of the enzymatic reaction: 

E 
S ~ P1 + P2- + H + 

where in the case of acetylcholinesterase; S denotes acetylcholine [CHs 
CO.O(CH2)2 N+(CHs)s], P1 denotes choline [HO(CH2)2 N+(CHs)s], and 
P2- denotes acetate (CHsCOO-). 

The reaction is considered to take place in a constant-flow, isothermal, 
continuous stirred-tank reactor (CSTR) divided by a semipermeable mem- 
brane into two compartments as shown in Fig. 1. The reaction takes place 
in the liquid phase according to the following rate equation (42): 

R(S,H) = V,,, (S) / {(S) +(S)2/Ki + Ks [Kh + (H) + (H)2/K'h]/(H) } (1) 
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where (S) is the substrate concentration, (H) is the hydrogen ion concen- 
tration, Vm is the maximum reaction rate per unit mass of enzyme; Ks, Kh, 
and K'h are equilibrium constants, and Ki is an inhibition constant. If the 
active volume of the compartments are V1 and V2, the enzyme concentra- 
tions in both compartments are equal to E in units of enzyme mass per 
unit of active volume, and the volumetric flow rate is q, then the material 
balance equations for the two compartments can be written as follows. 

Hydrogen ion unsteady-state mass balance gives: 

Vj.d(Hj)/dt  = al/.q.[(Hf) - (H1)] 

- a2j" a 'n .  Am [(H1) - (H2)] + Vj'Rj (S, H)'E 

- Vj.R w (2) 

where j = 1 and 2 denotes compartments 1 and 2, respectively; an = 1, 
a12 = 0, a21 = - 1, a22 = - 1; (HI) is the concentration of hydrogen ions in 
the feed and Rwj is the rate of water formation in compartment j. The 
parameter o~'n is the membrane permeability of hydrogen ions, and Am is 
the active membrane area. 

Hydroxyl ion unsteady-state mass balance gives: 

V f d ( O H / ) / d t  = a,j. q. [(OHf) - (OHm)] 

- a~. cO'OH" Am [(OHm) - (OH2)] - V/'Rw/ (3) 

where (OHf) is the concentration of hydroxyl ions in the feed and a ' o n  is 
the membrane permeability for hydroxyl ions. 

Substrate unsteady-state mass balance gives: 

Vj.d(Sj)/dt  = alj" q" [(Sf) - (S,)] 

- a~. oG. Am[(S~) - ($2)] - Vj .Rj (S ,H) .E  (4) 

The pseudo-steady-state assumption for hydroxyl ions gives: 

d ( O H ) / d t  = 0 (5) 

If it is also assumed that hydrogen and hydroxyl ions are at equil- 
ibrium, we obtain the following relation 

Kw = (H) (OH)  (6) 

where Kw is the equilibrium constant of water. Subtracting Eq. (3) from 
Eq. (2) and substituting from Eqs. (5) and (6) into Eq. (2) gives: 

Vj.d(Hj)/dt  = alj. q. [(Hf) - (H1)] 

- Kw[1/(Hf) - 1/(H1)] - a2j [oL'n. Am [(H1) - (H2)] 

- Kw. oYoI~" Am [1/(H1) - 1/(H2)] + Vj" Rj (S ,H) 'E  (7) 

Equation (7) can be written in the following dimensionless form: 

dhj/aT = alj(hf - hi) - bj" o~n (hi - h2) - a~j. 7 . (1 /h f  - 1/h~) 

+ Bh" rj + bj'7"ocon(l/hl - 1/h2)  (8) 

Applied Biochemistry and Biotechnology Vol. 55, 1995 



180 Ibrahirn, Teymour ,  and  Elnashaie  

where bl = 1, b2 = - VR, VR = V1/V2, h = (H)/Kh, Bh = Vm E V1/(Kh'q), 
7 = Kw/Kh 2, OlH = Or Am/q, c~On = OYOH" Am/q, and T = t ' q /Vv  

and 

rj = sj/[sj  + C' i + (1 + hj + (9) 

where s = (S)/Ks, c~i = Ks/Ki, and 3 - Kh/K'h. 
The substrate balance (Eq. [4]) can also be written in dimensionless 

form as follows: 

dsj/dT = at, (s,/ - sl) - bj o~s (sl - s2) - Bs. rj (10) 

where o~ = oG Am/q and B~ = Vm E V1/(K~'q). 
The two-compartment model is thus represented by the four differential 

equations 8, 10 (with j = 1, 2) with four state variables, hi, h2, sl, and s2, 
which describe the dynamics of hydrogen ions and substrate in the two 
compartments. 

NUMERICAL TOOLS AND PRESENTATION TECHNIQUES 

The methodology used consists of the numerical continuation tech- 
niques, coupled with the principles of bifurcation theory. The bifurcation 
diagrams are obtained using the software package AUTO 86 of Doedel 
(50). This package is able to perform both steady-state and dynamic bifur- 
cation analysis, including the determination of entire periodic solution 
branches. AUTO also computes the Floquet multipliers along periodic 
solution branches and, therefore, determines the stability of the periodic 
orbits. A periodic orbit loses its stability by a number of mechanisms. The 
most common of them are period doubling bifurcation and saddle-node 
tangent bifurcation. Because of periodicity, there is always a Floquet mul- 
tiplier equal to + 1. When Floquet multipliers lie inside the unit circle, the 
periodic solution is asymptotically stable. Complex Floquet multipliers in- 
dicate node or saddle-like bifurcation. A Floquet multiplier leaving the 
unit circle through - 1  indicates period doubling bifurcation. Passage of 
complex Floquet multipliers out of the unit circle indicates that the periodic 
orbit bifurcates to an invariant torus. When a Floquet multiplier leaves 
the unit circle through + 1, the stable periodic orbit (node) collides with 
another unstable orbit (saddle), and both orbits evaporate. This is called 
saddle-node bifurcation. Hopf bifurcation (HB) points and periodic limit 
(PLP) points are degenerate points because they have two Floquet multi- 
pliers equal to + 1. 

The Dassel subroutine (51), with automatic step size to ensure accur- 
acy, is used for numerical simulation of periodic as well as chaotic attrac- 
tors. The differential equations of the present system are quite stiff, and 
in many cases, a bound on allowable error as small as 10-15 was necessary 
to obtain accurate results. The classical time trace and phase plane pre- 
sentations for the dynamics are used. However, for high periodicity and 
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chaotic attractors, these techniques are not sufficient, and therefore, other 
presentation techniques are used. These techniques are based on the 
plotting of discrete points of intersection (Return points) between the tra- 
jectories and a hyperplane (Poincare surface). These discrete points of in- 
tersection are taken such that the trajectories intersect the hyperplane 
transversally and cross it in the same direction. Accurate numerical tech- 
niques are used for interpolation to obtain the exact return points in order 
not to introduce external noise into the results. 

The return points are used to construct a number of important diagrams: 

1. Poincare bifurcation diagram: a plot of one of the coordinates 
of the return points (e.g., pill)  vs a bifurcation parameter 
(e.g., sf); 

2. Return point histogram: a plot of one of the coordinates of the 
return points vs time (dimensionless time T); 

3. Return points iterate maps of different order: a two-dimen- 
sional plot of one of the coordinates of the n-th return point vs 
the coordinates of (n + i)-th return points. The iterate maps 
are first order, second order, third order, . . .when  i = 1, 2, 
3 . . . ,  and 

4. Two dimensional Poincare map: a plot of two of the coordinates 
of the return points (e.g., p i l l  and pH2) for a specific value of 
the bifurcation parameter (sf). 

THE TWO-PARAMETER CONTINUATION 
AND THE CHOICE OF %, an, ~on, VR, and pH r 

Figure 2A is a two-parameter continuation diagram for the two par- 
ameters C~s and sf showing the loci of the HB points. There is one degener- 
ate HB point (a) where the transversality condition of the definition of the 
HB point (52) is violated (the conditions for the crossing of the imaginary 
axis by the eigenvalues), that is: 

]{ d Re[/~(o~s)] / d Ors }] OCso = 0 (11) 

which means that the derivative of the real part of the eigenvalue Re[(/~(ots)] 
with respect to a bifurcation parameter O~s is equal to zero at this HB point 
o~o. It is well known that complex behavior usually occurs in the vicinity 
of such degenerate HB points (52). The value of c~ is chosen in the vicinity 
of point (a) in the region where four HB points exist. A two-parameter 
continuation of o~H vs sf is shown in Figure 2B, and o~H is chosen in the 
vicinity of the degenerate HB point (A) in Fig. 2B, where there are also 
four HB points. Figure 2C is a two-parameter continuation for o~oH vs sf for 
the above-chosen value of otH. The ratio between hydrogen and hydroxyl 
ion permeabilities gives a value of otoH of 0.5, which is in the vicinity of 
the degenerate HB point (a). Figure 2D is a two-parameter continuation 
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Fig. 2. Two-parameter continuation diagrams for the loci of HB points: (A) 
o~s, dimensionless substrate permeability vs sf. (B) o~H, dimensionless H § ions 
permeability vs sf. (C) or dimensionless OH ion permeability vs sf. (D) VR, 
dimension-less compartments volume ratio vs sf. (E) pHf, pH of feed stream 
VS Sf. 

for VR vs sf, in the vicinity of the degenerate HB points (a). Figure 2E is a 
two-parameter continuation for pHf vs sf. On this diagram, two types of 
loci are plotted�9 The dotted curves are for the HB, and the solid curves are 
for the static limit points (SLP) (another type of degeneracy is apparent 
in the top right part, which results from the intersection of the loci of HB 
and SLP curves). In this article, this second type of degeneracy is avoided, 
and pHf is chosen away from this degeneracy in a region with four normal 
Hopf bifurcation points�9 The rest of the parameters (3', o~i, ~, Bh, Bs) are 
chosen at the values that were used earlier by E1-Nashaie et al. (42). Table 1 
shows the base set of the system of parameters used in this investigation. 
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Base Set of Parameters 
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Parameter Value Remarks 

Bh 50 
Bs 100 

0.1 
o~i 0.5 
3' 0.01 
cos 1.0 
om 2.25 
o~OH 0.5 
VR 1.2 
pHf 8.2 

Ref. (42) 
Ref. (42) 
Ref. (42) 
Ref. (42) 
Ref. (42) 

"The Two-Parameter Continuation and the Choice of C~s, C~OH, VR, 
and pHf" in this article. 

RESULTS AND DISCUSSION 

In all the results presented, the substrate feed concentration sf is used 
as the bifurcation parameter, and all the presentation techniques discussed 
earlier are utilized to investigate the rich dynamic behavior of the system. 

Static and Dynamic Bifurcation Diagrams 
Figure 3A shows the bifurcation diagram for a very wide range of the 

bifurcation parameters (sf). This case is characterized by the existence of 
four HB points at low substrate concentrations (3.508 > sf > 1.998) and a 
small region of multiplicity of steady states at high substrate concentrations 
(32.8 < sf < 34.8). The four HB points are connected with two periodic 
branches as shown in the enlargement of box a (Fig. 3B). The periodic 
branch connecting HB2 and HB3 is unstable, whereas the branch connect- 
ing HB1 and HB4 points is stable, except for the small region in the neigh- 
borhood of HB4 (box b). Box b of Fig. 3B is enlarged as shown in Fig. 3C. 
One of the interesting phenomenon observed is the occurrence of bista- 
bility in the region between HB2 and HB3 where a periodic and a point 
attractor coexist with unstable limit cycles acting as separatrices, sepa- 
rating the domains of attraction of the periodic and point attractors. This 
bistability causes the interesting phenomenon that at the same values of 
sf, different initial conditions lead to different attractors. Figure 4 (A and 
B) shows the time trace curves for the same parameters and fixed value of 
the bifurcation parameter (sf = 2.83) for two different initial conditions. It 
is clear that small changes in initial conditions give rise to different attrac- 
tors, one periodic and the other a fixed-point attractor. In biological 
sciences, the domain of attraction of the point attractor is usually called 
the blackhole (53). If a perturbation is introduced into the system when it 
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Fig. 4. 
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is attracted on the periodic attractor, it would be possible to break the 
stable periodic attractor, and push it out of its domain of attraction and 
into the blackhole, resulting in the annihilation of the oscillation�9 

Figure 5 (A and B) show the time trace (pH1 vs T) and the phase plane 
(pH2 vs pill) for the period one oscillation at sf = 3.45063 (very close to 
the period doubling point on the right-hand side of Fig. 6), whereas Fig. 5 
(C and D) shows the same for the period one attractor on the left-hand 
side of Fig. 6. It is clear that the amplitudes of pi l l  and pH2 oscillation are 
different in the two different sides of Fig. 6. They are large (hard oscilla- 
tion) on the left-hand side, and small (soft oscillation) on the right-hand 
side, with the chaotic region and its windows lying in the region of sf 
between the two different types of oscillation. 

Figure 5D shows an interesting feature with regard to the difference be- 
tween the pH values in compartments I and 2, pH~ and pH2, respectively: 

ApH = pH2 - pHi 

It is clear from Fig. 5D that dipH changes its sign twice during each cycle 
(period), which means that the H § ions transfer between the two compart- 
ments and change their direction twice every cycle�9 This alternating sign 
of dipH is associated with the hard oscillations in Figs. 5A and B. The two 
modes of sustained oscillations observed in this very narrow region of the 
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Fig. 6. One-dimensional Poincare bifurcation diagram covering all the 
region under investigation (intersections with the Poincare plane at Sl = 0.37). 
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change of sf may give some insight into the common physiological phe- 
nomenon of slow wave rhythm of membrane potential that characterizes 
the self-excitation of some of the smooth muscles owing to the acetyl- 
choline-acetylcholinesterase activity (10). The cause of slow wave rhythm 
is as yet unknown; one suggestion is that the permeability of the membrane 
increases and decreases rhythmically (10). The mode of small-amplitude 
oscillations proved to be an intrinsic characteristic of the enzyme system 
under investigation and may be responsible for such rhythmicity in vivo, 
since the rhythmicity in H § ions may create its own potentials or play a 
basic role in controlling the voltage-gated ion channels of cell membranes. 

The alternating change in the sign of apH related to the enzyme activity 
(change in the direction of H § ions transfer) may be one of the possible 
mechanisms of action potentials responsible for the contraction of some 
smooth muscles. It is known that action potentials change their sign from 
negative mV values to positive mV values (10), which may correlate to the 
change in sign in ApH associated with the hard oscillation mode observed 
in this investigation. The importance of slow waves lies in the fact that 
they can initiate action potentials. The slow waves themselves cannot 
cause muscle contraction, but when the potential of the slow wave rises 
above a certain level (threshold potential), an action potential develops (10). 

The transition from the large-amplitude oscillation, which is shown 
in Fig. 5C, to the relatively small-amplitude oscillations (Fig. 5A) is quite 
complex. This can be elucidated using Fig. 6, which is the one-dimensional 
Poincare bifurcation diagram of the state variable pH~ vs the bifurcation 
parameters sf. The range of sf in this figure covers the gap between the pD 
point at sf -- 3.450629 and the point of sf = 3.44686 shown in Fig. 3C. From 
Fig. 6, the following characteristics are evident: 

1. With decreasing sf, the periodic branch with P1 (low-amplitude 
oscillation) originating from HB4 goes through a sequence of 
period doubling (P1, P2, P4, P8. �9 �9 ) leading to chaos. This chaotic 
behavior undergoes a number of bifurcations from chaos to 
periodicity and vice versa. Globally speaking, the range ter- 
minates at the point sf = 3.44686 and a periodic branch with P1 
(large-amplitude oscillation) is born. 

2. With the decrease of sf and on the scale of Fig. 6, some periodic 
windows are observed: windows of periods four, five, and 
three in addition to the relatively wide range of P2 window; 
and 

3. On the left-hand side of Fig. 6, these are P1 attractors. Then with 
increasing sf, a very thin strip of chaos is encountered. This strip 
of chaos bifurcates to a relatively wide range of P2 attractors. 
The clearly visible periodic windows of Fig. 6 seem to be divid- 
ing the diagram into regions of different chaotic densities. 
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CHAOTIC ATTRACTORS AND THE CONNECTION 
BETWEEN CHAOTIC AND PERIODIC ATTRACTORS 

So far, we have used AUTO together with very limited reference to 
the results of numerical simulation presented phase plane, time trace and 
a one-dimensional Poincare bifurcation diagram to cover some of the 
dynamic characteristics of the system. The remaining gaps in the investi- 
gation can be approached by the use of numerical simulation and a set of 
presentation techniques (Poincare maps, return points of iterate maps of 
different orders, and return points histograms, in addition to the classical 
phase planes and time traces). 

The Poincare bifurcation diagram for the whole region in the case 
under investigation is shown in Fig. 6. On this scale, we can only observe 
that a period doubling sequence leading to chaos emanates from the peri- 
odic branch, which originates from HB4, and that the gaps between the 
stable periodic windows are interrupted by chaos. In order to achieve 
better visualization and analysis of this complex region in a well-organized 
and detailed fashion, this complex region is divided into three subregions, 
a, b, and c, as shown in Fig. 6. 

Region A 
This region is enlarged in Fig. 7. It covers an important part of the 

neighborhood of HB4 point, and covers the heavy density chaotic regions 
in Fig. 6. With the decrease of sf (from right to left), the P1 periodic branch 
starting at HB 4 loses its stability through a period doubling sequence, and 
a stable P2 attractor is born. The period doubling sequence continues 
giving P2, P4, Ps, P16.. �9 until a four-banded chaos starts after four interior 
crises points take place. The four-banded chaos disappears where two in- 
terior crises take place at sf = 3.450253 to give two-banded chaos. The two 
chaotic bands exist until the interior crises point sf = 3.450217. After that, 
a fully developed chaos is observed. Figure 8 shows clearly the character- 
istics of the two-band chaos. Figure 8C is the return-point histogram. It 
shows clearly the existence of two chaotic bands. Figure 8A shows that 
the return points on the two-dimensional Poincare map (pH~ vs pH2) are 
concentrated in two disconnected segments; the same is observed in Fig. 
8B, which presents the return point iterate map of order one. The phase 
plane (Fig. 8D) and the time trace (Fig. 8E) also support the existence of 
two-band chaos. This two-band chaos terminates at the interior crises 
point sf = 3.450217, and a fully developed chaos is observed. Figure 9 
shows clearly the characteristics of the fully developed chaos. It is clear 
that the unconnected segments of the Poincare maps are now connected 
(Fig. 9 [A and B]); the two heavy density zones of the phase plane in the 
two-band case are now mixed as shown in Fig. 9D. Also the return points 
are mixed in the return-point histogram as shown in Fig. 9C. The time 
trace curve shows the irregular oscillations in this case. However, the 
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Fig. 7. Enlargement of section (a) of Fig. 6: period doubling cascade to fully 
developed chaos. 

oscillations are still of small amplitude in comparison with the large- 
amplitude oscillations characterized the periodicity of sf --- 3.44686 
(Fig. 5C). 

Near the end of this zone and at sf = 3.450127, the fully developed 
chaos turns to intermittency and eventually loses its stability to a P3 stable 
attractor creating a P3 window as shown in Fig. 10 (section a2 in Fig. 7). 
Pomeau and Manneveille (54) proposed that chaotic attractors can lose 
their stability through intermittency (tangent bifurcation). The term inter- 
mittency refers to oscillations that are periodic for certain intervals (laminar 
phase) interrupted by intermittent erratic bursts of periodic oscillations of 
finite duration. After the bursts, the system returns to the laminar phase 
again until the next episode occurs. This intermittent behavior is shown 
for sf = 3.450127 in Fig. 11. It is clear in Fig. 11 (A and C) that the dynamics 
alternate between regions of P3 and chaos. The sequence of the third iterate 
maps in Fig. 11 (D, E, and F) makes this fact clearer: the curve approaches 
the diagonal, almost becoming a tangent at three distinct points as the 
enlargements of box i in Fig. 11E and box k in Fig. 11F. It is these small 
gaps that creates the three laminar channels giving rise to intermittency. 
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Fig. 8. Detailed dynamic characteristics of the two-band chaos at sf = 
3.450255. (A) Two-dimensional Poincare map (pill vs pH2 of the return points). 
(B) Return-point iterate map of order one. (C) Return-point histogram. (D) Phase 
plane. (E) Time trace. 

As soon as the curve touches the diagonal and then intersects it, the inter- 
mittency disappears and a P3 stable attractor is born, together with a P3 
unstable orbit. The P3 attractor goes through period doubling sequence 
to chaos ( P 3 - P 6 - P 1 2 . . .  chaos) as sf decreases. The resulting chaos is 
banded (three bands), and at certain interior crisis points, it becomes a 
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Fig. 9. Detailed dynamic characteristics of fully developed chaos at s f  = 

3.45015. (A) Two-dimensional Poincare map. (B) Iterate map of order one. (C) 
Return-point histogram. (D) Phase plane. (E) Time trace. 

fully developed chaos. Figure 12 shows the three-band chaos. It is clear 
that the return points concentrated in three disconnected segments as 
shown in Fig. 12 (A and B). The return-point histogram in Fig. 12C clearly 
shows the existence of three bands. Also, the phase plane is characterized 
by three heavy density zones as shown in Fig. 12D; the time trace also 
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Fig. 10. Enlargement of section (a2) in Fig. 7. 

supports the existence of three-band chaos as shown in Fig. 12E. The 
three-band chaos turns to fully developed chaos with the decrease in sfi sf 

(3.45007, 3.450096). Near the end of this zone, as shown in Fig. 13A 
(this figure represents section al of Fig. 7) and at sf = 3.4500702, the fully 
developed chaos turns to intermittency and eventually loses its stability 
to a P6 stable attractor creating a P6 periodic window as shown in Fig. 13B. 
This intermittent behavior is shown for sf = 3.4500702 in Fig. 14. The 
sequence of 6th iterate maps in Fig. 14A and the enlargements i and k in 
Fig. 14 (B and C) show the existence of this intermittent behavior: the 
curve approaches the diagonal, almost becoming a tangent at six distinct 
points and creating six laminar channels giving rise to intermittency. The 
return-point histogram in Fig. 14D makes this fact clearer. Fig. 14 (E and 
F) shows the time trace and the phase plane for this intermittent chaos. 
The P6 attractor goes through period doubling sequence to three-band 
chaos as sf decreases where sf ~ (3.4500624, 3.4500695). Near the end of 
this zone and at sf = 3.4500624, the three-band chaos turns to intermittency 
again and loses its stability to a P3 attractor. Figure 15 shows this inter- 
mittent behavior. The third iterate map makes this fact clear. Periodic 
windows of odd and even periodicities are also noticed as shown in Figs. 
10 and 13B, where the P3 window and P6 window are observed. Figures 
16 and 17 show the Ps window and P6 window, respectively (Fig. 16 rep- 
resents section a3 in Fig. 7 and Fig. 17 represents section a4). 

Figure 18 shows the dynamics of two points. One of them is located 
just before the beginning of region a from left at sf = 3.45006, and the 
second point is located at the entrance of the chaotic zone from the left- 
hand side at sf = 3.4500634. It is clear that for sf = 3.45006, the exchangeable 
feature of the pH differences (&pH) is still evident, and the amplitude of 
the oscillations is still large, whereas this feature disappears for the chaotic 
attractor at the second sf = 3.4500634. 
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Fig. 11. Detailed dynamic characteristics of intermittent chaos at s f  = 

3.450127: (A) Return-point histogram. (B) Two-dimensional Poincare map. (C) 
Time trace. (D) Return-point third iterate map. (E) Enlargement of box i. (F) 
Enlargement of box k. (G) Phase plane. 
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Fig. 12. Detailed dynamic characteristics of sf = 3.4500103 (three-band 
chaos): (A) Two-dimensional Poincare map. (B) Return-point first iterate map. 
(C) Return-point histogram. (D) Phase plane. (E) Time trace. 

Region B 

This region is shown in Fig. 19 where sf ~ (3.4493, 3.4499). This region 
covers the transition from the P2 window to the P3 window emerging 
from the heavy-density chaotic zone. As sf increases, it is noticed that four 
periodic windows P2-P4-Ps-P3 exist and that four chaotic regions inter- 
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Fig. 13. (A) Enlargement of section (al) in Fig. 7. (B) Enlargement of box i. 

rupt these four periodic windows. Figure 20 shows the dynamic behavior 
of each of the observed four periodic windows. 

Region C 
This is the last region where sf ~ (3.44686, 3.44691). It is clear that the 

thin chaotic strip observed in the scale of Fig. 6 is much more complex, 
and the Ps window bounded by two chaotic strips is observed on the scale 
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Fig. 14. Detailed dynamic characteristics at sf = 3.4500702 (intermittent 
chaos): (A) Return-point iterate map of six order. (B) Enlargement of box k. (C) 
Enlargement of box i. (D) Return-point histogram. (E) Time trace. (F) Phase plane. 

of Fig. 21A. Figure 21 (B-G) shows the dynamics of the three zones sepa- 
rating the two thin chaotic strips: P1, P3, P2. 

In general, in all the regions discussed, the transition from the small- 
amplitude oscillations to the large-amplitude oscillations proved to be 
through a chaotic region. Also, as Fig. 18 shows, theirs is a threshold value 
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Fig. 14. (cont'd). 

of sf (3.45006) at which the small-amplitude oscillations of chaotic nature 
bifurcate to a periodic large-amplitude oscillation having the feature of 
alternating pH difference. This may correlate to the self-transition of the 
slow wave oscillation to action potentials through a threshold value of 
slow wave potentials in some of the smooth muscles. Also, different oscil- 
lation modes investigated in this study may serve as gating function (55); 
that is, all the oscillation modes of potential differences that come as a 
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Fig. 15. Detailed dynamic characteristics at sf = 3.4500624 (intermittent 
chaos): (A) Return-point histogram. (B) Return-point third iterate map. (C) 
Enlargement of box j. (D) Enlargement of box i. (E) Time trace. (F) Phase plane. 

result of the H § ions' oscillatory behavior should play a significant role in 
controlling the voltage-gated ion channels in the cell membrane. 

New evidence that certain types of neurons have "intrinsic oscillatory 
behavior"  that may underlie rhythmic electroencephalography activities 
was discussed by Lopes-da-Silva (55); an excellent review of the applica- 
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Fig. 16. Enlargement of section (a3) in Fig. 7. 

Fig. 17. Enlargement of section (a,) in Fig. 7. 

Applied Biochemistry and Biotechnology 1 9 9  Vol. 55, 1995 



200 lbrahim, Teymour, and Elnashaie 

Fig. 18. Dynamic characteristics of two points at the edge of the heavy- 
density chaotic region: (A and B) case at sf = 3.45006 just before the heavy-density 
region: (C and D) case at sf -- 3.4500634 just at the beginning of the heavy density 
chaotic region. 

Fig. 19. Enlargement of the relatively wide periodic windows in Fig. 6 
section b. 
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tions of the complex dynamic analysis in physiological processes was 
recently published by Elbert et al. (56). 

The intrinsic oscillatory behavior presented in this article is in agree- 
ment with the experimental observations of Friboulet et al. (9), who have 
shown the in vitro oscillations in potential differences between two com- 
partments separated by an artificial acetylcholinesterase membrane when 
one of the two compartments is injected by acetylcholine substrate. 

CONCLUSIONS 

A simple and phenomenological two-compartment model is used to 
investigate the complex dynamic characteristics of an enzyme system in- 
hibited by substrate and affected by the production of hydrogen ions, 
where the enzyme exists free in solution in each compartment. The system 
is mathematically described by four differential equations and 11 par- 
ameters. The substrate feed concentration (sf) is selected by the bifurcation 
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parameter. Five of the other 10 parameters are fixed at values used earlier 
by E1-Nashaie et al. (42). The remaining five parameters are chosen at 
values in the vicinity of the degenerate Hopf bifurcation point denoted by 
(a) in Fig. 2. In the vicinity of this base set of values of the parameters, a 
pHl-Sf bifurcation diagram has been obtained. This diagram is character- 
ized by the existence of four HB points at low substrate concentrations. 
The four HB points are connected by two periodic branches, creating a bi- 
stability phenomenon in certain regions of bifurcation parameter where a 
periodic and a point attractor coexist with the unstable limit cycle acting as 
sepaatrices. The transition from the small-amplitude oscillation emerging 
from the HB4 point to the relatively large-amplitude oscillation proved to 
be quite complex. As sf decreases, a period doubling sequence leading to 
banded chaos is observed followed by fully developed chaos at crisis 
points. The fully developed chaos bifurcates to the P3 window by a tangent 
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bifurcation mechanism. The P3 attractors lose their stability to give three- 
band chaos followed by fully developed chaos. As sf decreases, this fully 
developed chaos bifurcates to the P6 window by the tangent bifurcation 
mechanism. The P6 windows bifurcate to three-band chaos by a period 
doubling mechanism. The heavy-density chaotic region disappears com- 
pletely close to point sf = 3.4500624; the three-banded chaos turns to inter- 
mittency again and loses its stability to a P3 attractor. The heavy-density 
chaotic region is interrupted by some narrow periodic windows (P3, Ps, 
and P6 windows). 

It is interesting to note that many of the dynamic phenomena dis- 
covered by Holden and Fan (17-20) using the three-dimensional nonphe- 
nomenological action potential Rose-Hindmarsh model are also obtained 
using the present phenomenological two-compartment model. 

A variety of the dynamical modes characterizing this enzyme system 
have been presented using the nonlinear dynamic approach. The results 
relate to some physiological processes, especially the self-excitation of 
some of the smooth muscle activated by acetylcholine-acetylcholinesterase 
reaction (10). 
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